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Abstract 

The quantization of the superclassical system used in the proof of 
the index theorem results in a factor of ^-R in the Hamiltonian. The 
path integral expression for the kernel is analyzed up to and including 
2-loop order. The existence of the scalar curvature term is confirmed 
by comparing the linear term in the heat kernel expansion with the 
2-loop order terms in the loop expansion. 
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1 Introduction 



In , a supersymmetric proof of the twisted spin index theorem is presented. 
There, the Peierls bracket quantization is applied to the following supersym- 
metric Lagrangian: 



L 



7 + iTj^ 



+ 



q a *T] a . 

The classical "momenta" are defined by: 



+ 



(1) 



P M := 9^x v . (2) 

The Peierls bracket quantization leads to the quantization of the supersym- 
metric charge: 

Q = ^ u gh,g~ li ■ (3) 

The quantum mechanical Hamiltonian is then given by: 

h = Q 2 = y-h^sTihg-* + ^R- %F£WrTv b • (4) 

The fact that Q is identified with the (twisted) Dirac operator, 

Q =JP , (5) 

defines H uniquely 

Reducing (P to a purely bosonic system, i.e. setting ip — r\ — rj* — 0, 
one arrives at the Lagrangian for a free particle moving on a Riemannian 
manifold 0. Equation (^) is in complete agreement with the analysis of the 
reduced system presented in ||. There, the Hamiltonian was defined by 
requiring a particular factor ordering, namely by the time ordering & §6.5]. 
Furthermore, it was shown in || §6.6] that the term ^-R in the Hamiltonian 
contributed to the kernel: 

K(x'; t"\x'- if) := (x" = x'; t"\x'; if) , (6) 

^dn this paper the case of closed and simply connected Riemannian manifolds is 
considered. 
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a factor of 

- f R(x') it" - t>) . (7) 

This was obtained using the heat kernel expansion of @. The quantity: (0) 
is the linear term in the heat kernel expansion. In [fj, §6.6], the 2-loop terms 
were computed. It was shown that indeed the loop expansion validates the 
existence of \R term. The presence of the scalar curvature factor in the 
Schrodinger equation is discussed in ||. For further review see, ||, |5j and 
references therein. 

The present paper is devoted to the 2-loop analysis of the path inte- 
gral formula for the kernel defined by the quantization of ([!]). It is shown 
that indeed the path integral used in the derivation of the index formula, 

corresponds to the Hamiltonian given by (JJ). This serves as an impor- 
tant consistency check for the supersymmetric proof of the index theorem 
presented in [0. 

In Section 2, the loop expansion is reviewed and the relevant 2-loop terms 
for the system of (0) are identified. In Sections 3 and 4, the 2-loop calculations 
are presented for the spin (k, = a = 0) and twisted spin (k = 1) cases, 
respectively. 

To avoid redundancy, the results of the first part [p] are used freely. As 
in the Latin indices label 77's, the indices from the first and the second 
halves of the Greek alphabet label ifi's and x's, respectively i. The condensed 
notation of M is also employed. Finally, the following choices are made: 

% = 1 j f3-=t" , and t' = . 

2 The Loop Expansion 

Let denote the coordinate (field) variables of a superclassical system. 
Then, if the Lagrangian is quadratic in $'s, one has 0, §5]: 

K ■($", t"\&,t') := (&',t"\&,t') = Z /* '* e lSm {sdet G + [<!>])- l *V<5> . (8) 

J$',t' 

In the loop expansion of (|§|), one expands $ around the classical paths $o- 
Defining by: 

$(t)=:$ o (t)+0(t), 
2 ip , s are labelled by 7, S, e, 0, ry. 
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one obtains: 

K($",f\&,l!) = Z(sdetG+)^e iSo J e i<^. s °^{ 1 + (9) 

~~ M ( £l So,ijkSoJ mn Gq™™ + €2 So^mGj'"™ 'S'oj/cz) (f) 1 (f) h (fJ (j) 1 + 
+ | e 3 So,jkiGo ~* So,mnlGQ nm (j) 1 (j) 1 + • • •}£></> , 

where, 

6i := (_iy m ('+ 1 )+' n ; e2 ;= (_-Qm(i+l)+in ^ anc J f3 ._ /_^\j(i+l)+m(Z+l)+fc+Jn _ 

In (H), G + is the advanced Green's function for the Jacobi operator: 

^■■={sW) m mn) ■ (10) 

The subscript "0" indicates that the corresponding quantity is evaluated at 
the classical path, e.g. Gq := G +y '[$o]- Finally, "• • •" are 3 and higher loop 
order terms. 

To evaluate the right hand side of (§) , one needs to perform the following 
functional Gaussian integrals: 

J e iViSo, 3 V V (j) = c{sdetG)^ 

/ e ffiSo,i^^p^ = -ic(sdetG)^ G kl (11) 

j e h<PiM = (-i) 2 c (sdetG)? (G kl G mn ±perma.) 

J e^i.Soj^^k^m^n^q^ = (-if c ( sdetG ^ (G kl G mn G pq ± pevrnu 



In (|TT), u G n is the Feynman propagator, "permu." are terms obtained by 
some permutations of the indices of the previous term, "±" depends on the 
"parity" of 0's appearing on the left hand side, and "c" is a possibly infinite 
constant of functional integration. The functional integrals in (|8D and (|Tl"l) 
are taken over all paths with fixed end points: 

<P" ■= (f)(t") = and 0' := (f){t') = . 
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This justifies the appearence of G in (|TT|). 

One must realize that the terms in square bracket in (^) originate from 
the expansion of (sdet G + )~z in (|]). For the system under consideration ([!]), 
it was shown in |], Sec. 5] that 

sdet(G + ) = 1 for: x" = x' . (12) 

This simplifies the computations of Sections 3 and 4 considerably. In view 
of (|i~2D , the square bracket in (||) drops and @ reduces to: 

K = K WKB {l-^S , m (G lk G ji ±peTmu.) + (13) 
+j- 2 S ,i jk So,imn (G nm G lk & 1 ± permu.) +•••}, 

where, 

K WKB := Zce iS °(sdetG)^ (14) 
is the "WKB" approximation of the kernel. In Sections 3 and 4, the terms: 

/ := S 0>ijkl (G lk G ji ± permu.) (15) 
J ■= S Qm S QMn {G nrn G lk G^± permu.) 

are computed explicitly. They correspond to the following Feynman dia- 
grams: 

I = OO and J = . 



3 2-Loop Calculations for the Case: k, = a = 



For /t = a = 0, the dynamical equations |L], eq. 28] are solved by Jj], eq. 90]: 

x (t) = x , Vo(0 = V'o • (16) 

As in |l|], all the computations will be performed in a normal coordinate 
system centered at x$. Since K and Z^wkb in ( |13D have the same tensorial 
properties, the curly bracket in ([y|) must be a scalar. This justifies the use 
of the normal coordinates. 
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The Feynman propagator is given by |1|, Sec. 6]: 

{eMfr-ft - \){l- e - nt ' 



G 



ITU, 

9o 



e(t - 1') 



e(t/-ty 



11(1 - e-KP) 



(17) 



1)(1 



■/*)) 



U(e^ - 1) 



qkS' 

Q lS > 



G^' = 

hat W - 1>) - 9(t' - 1)} 



where, 



The functional derivatives of the action which appear in 
below: 



(18) 
(19) 

(20) 
are listed 



So,tit'p" 

So,Tiv'e" 
So,T~f'e" 
So,ttt'p"k'" 



K 



T7T,p 



p(t - s(t - 1") + n pT ^ 5(t - 1 1 ) [p(t - 1") 

',7 r a 



iR 0T ^e% [p(t - t')\ S(t - t") + iT 0>eyT ^ 5(t - t') [p(t - t") 
So^'v" = 

{-gOm,pn [j&Sit ~ t')] 6(t ~ t")5(t - t"')+ (21) 



-gor PlK , S(t - t') [j^6(t - t")] 5(t - t">) + 

S(t-t')S(t-t") [^(t-t"')]}^ 



~90tk ,71 p 

-2r 0w 5(t - t') [p(t - t")] \p(t - t 



p {t _ t ')\ \p( t - n] s(t - n+ 



+ 



-2T 



0tk7t,p 



p {t _ t >)] 5i t _ t") [p(t - o] } 2 + 



{n T ^ pK [p(t - 1')] 6(t - t")5(t - n+ 

-TZ Tp>Kn 5(t - f ) \p(t - t")} 6(t - t">) + 



+n TK ^ >p 8{t - t')8{t - 1") [p(t - n] } 3 + 

{i(V , JT V°X) >pK ^ e o [P(t - t')} 6(t - t")S(t - t"')+ 

+i{r 0mT r% ep ), K Mo s(t - 1>) [pit - n] sit - n + 
+t(r 0p , T ru,^o s(t - t')s(t - 1") [pit - n] } z 



So,T7r'e"7" 



p(t - t') 8{t - t")5(t - t'") + 



+iT 0nTiW 5(t-t') ^S(t-t" 





59t - 1'") + 



iTojer,* S(t - t')5(t - t") \§- t 5(t - t' 1 



So^y^'S'" 

where the indices are placed on some of the curly brackets for identifica- 
tion purposes. So^ye'" and <So,Te'7'V are om itted because, as will be seen 
shortly, they do not contribute to (|15|). 

In view of (|T%|), one needs to consider only the following terms: 



h 

h 
Ji 

J-2 



Jit ^.^1 JI 



Q,ttt'p"k'" 

<J'J0,r7r'p"ft"' ( - T " 
0,Tn'e"r 



G T7T G p K + G rp G w K + G TK G 



TT p 



<~>n.i-n-V'V" <J U 



(22) 



l,/l"'i^7' 



t y^r," ,JII ^...H) 



v G Tn G p " G v a 



e" >->0,ii."'v™~i v Lr >J Lr 



where, 

I = I x + 6/ 2 . (23) 
Here, 6 is a combinatorial factor and J is a linear combination of Ji and J2. 

Calculation of I\ and ^2 

Let us denote by I\, a the terms in I\ which correspond to { } a in So, T ir'p"K'", 
with a = 1, 2, 3, 4. The computation of Ji. Q is in order. One has: 

h.i ■= 3 J dt dt' ( -g 0T ir,pK 



dt 2 



3^ dt dt" (^-go T p, K7r 
3 dt dt'" ^-g TK,7Tp 

-3 / dt {[g 0T7 r, pK + 2<7o wl J G^i" 
^ 

3 /^(^G^f) 

1/ 



<J(t - 



a 2 



(24) 
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In 



P 



dt' 



d 



dt 



(25) 



and the third and forth equalities are established using || p. 56]: 

90fiis,aT — — \ (Ro/iaVT + Rova/ir) , (26) 



Q P K = G K P _ 



(27) 



and 

Next, we compute: 

h.2 ■= -6r 0r7rPiK J P dt dt' £ dt" ( [p(t - f)] | [S(t - t")\ G™'G"" K ) + 



-6T 



OrpK,-K 



P rP 

dt / dt" I dt'" 



JO 

P r P 



£ dt jf dt' jf" dt'" ( [p(t - t')] | [5(t - t'")] G™'G pK "') 

) + (28) 



i2rQ T7r p K 
6rQ r p K7r 
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—G P " K 

dt" 



t"=p 



p 



dt G 



TIT ^ Qp" K '" 



t"=t"'=t/ 



o v dt"dt"' 

To evaluate the right hand side of (p8j) , one needs the following relations: 



dt" 



2 



dt'dt 
and P, p. 55]: 



G Kp 



t"=t 



t'=t 
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—G pR ' 
dt' 



2#0 



t'=i 



2#0 



1 + e np _ 2e R.t 
\-(KP 



K(l + e 



(29) 
(30) 

(31) 



^0tttp,k 3 (-Rot7t pK Rotpttk) ■ 

Equations (|29]) and (0) are obtained by differentiating ([L7]), using symme- 
tries of 7£ and: 

5(0) := \ . (32) 
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Combinning equations (|28|)-(|3T|) and using (|TT|), one obtains: 



1 1.2 — (RorwpK + Rqtpkk) 



dt gl 



TTf-t 



1 + e W _ 2e Kt 



9 P o U 



J p 



l + e itp_ 2e Kt 



X 



dt g T l 



np _ e m _ e -K(t-j3) _|_ i 



K(l - e 



11(3) 



+ 



(33) 



U{1 + e 



j pi 



To identify the terms in (|33|) which are linear in f3, one may recall that for 
every integral 

J(/5) := f 'dtf(M , 
J o 

with an analytic integrand in both t and /3, the linear term in j3 is given by: 

5 



dp 



f3=0 



P = f(J3 = 0,t = 0)p. 



(34) 



Thus, one needs to examine the integrands in (|33|) . This leads to 

h.2 = (iW + ^W.) /? + 0(P 2 ) = R P + 0(P 2 ) , (35) 

where, i?o is the Ricci scalar curvature evaluated at xq. 
Next step is to compute: 



h.. 



3 (t&tit,pk Jo dt G pK -§pG TV + +TZ TPiK7T Jq dt G T7T -§prG p K 

T? f@ At C il " K -d—CP K 



t"=t 



+ 



i"'=i 



This is done by using (|29| ) and (0). The result is: 

/l.3 = 0(/3 2 ) . 

The computation of J1.4 is similar. Again, one obtains: 

/X.4 = 0(/3 2 ) . 



(36) 



(37) 
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' 3 Vtlzl/ 5 



and 



This completes the calculation of I\. Combinning 
one has: 

h = R P + O((3 2 ) . (38) 

The computation of I 2 is straightforward. Substituting (|I9D and (^1|) in 
(|22|), one has: 

J 2 = /^t /^df f dt! 1 f dt!" [X T7Tle (t,t',t",t"')y Tn ^(t,t',t",t'")} , 
Jo Jo Jo Jo 



where, 



X 



iR 



p(t - t')} 5(t - t")6(t - t'") + 



y 



+ir 0el T,*${t ~ t') [P{t ~ t")\ 5{t ~ t'") + 

-iTojer^Sit - t')5(t - t") \§- t 5(t - t"' 

-lG™'g^[e(t»-t>»)-e(t"'-t»)] . 



Since X is antisymmetric in (7 <-> e) and 3^ is symmetric in (7 <-> e), I 2 
vanishes. This together with (|23"D and (|38| ) lead to: 

I = Ro/3 + 0{[3 2 ) . (39) 



Calculation of J\ and J2 

Substituting (|21|) in (|2^) and peforming the integrations which involve 5- 
f unctions, one obtains: 



J\ = J Q dt y o dH" hz^n^ —g™ 



_d_ 

dt* 
t'=t Ui 



d 

+ n n jLg^v" 

T'^pT,n'^iJ,v,cr foil 



d_ 

dt^ 



G" 



G 

t m =t v =t"' 
G"""' + 



G Pfl + 



t™=t v =t'" 







J dt J dt'" {n T ^ p {n^ a + n Ufl , a ) [•••] + n^in^ + n v ^) [•••]) 



- r R R —G p "^" 



t"=t UL 
d 



G T7T + 



(40) 



t™=t v =t"' 



r"=t 



dt v 



G 



G T 



T™=t v =t"' 
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In (|40|), the second equality is obtained by rearranging the indices and using 
d29|) . The terms [• • •] involve G's and their time derivatives. The last equality 
is established using the antisymmetry of 1Z: 



K 



[IV 



-11 



(41) 



The computation of J2 is a little more involved. Carrying out the inte- 
grations involving (^-functions, one can write J2 in the following form: 



J2 — J2.a , 



(42) 



where, 



In 



J2.1 



J: 



2:2 



J' 



2.3 



J: 



2.1 



RoTirSeRo/ivrm V^O^O X 



f3 



dt I dt" 







9 r-r 



_d_ 



G» 



G £7 



f3 



(3 

dt I dt' 1 



d_ 

dt' 



t'=t 



_d_ 

dt" 



G e7 



V=t"' 



3 Rofiurj^fi^RoeSTiT 



)^Q-0O X 



dl I ' dt'' 







dt" 



_d_ 

dp 



G T 



t w =t'" 

S„uV 



I [(RoeSTir + RoeT5Tr)(RornV + Roy^)] ^Q^O X 



<// ^ dt" 1 I 6*^6'"''"" 



c^ 2 



at 1 - dt" 



Qt"-y v 



t"=t,t v =t'- 



(43) 



(44) 



(45) 



(46) 



use has been made of (pi]). 
Consider the integrals (:= / /) in (|43|). //is symmetric under the ex- 
change of the pairs (r, 7r) <-> (//, z^). The term V'o^o i s antisymmetric in 5 «-> 77. 
Thus, the term (R.R) is antisymmetrized in e «-> 7. However, according to 
fll9|), G e7 involves g^ 7 which is symmetric in e <-> 7. This makes J2.1 vanish. 
Furthermore, using (]34l ) one finds out that J2.2 and J2.3 are at least of order 
1 . J J in (|46|) is symmetric under r <-» 7r, /i <-» is, and (/i, 1/) <-» (r, 71"). This 
allows only the term i?oer 571-^07^1/ to survive in the square bracket in (|46|) . 
Moreover, this term is symmetrized in (/x, v) <-> (r, tt), or alternatively in 



11 



(e, S) <-> (7,77). Since ipQipo is antisymmetric in 5 <-> 77, the surviving term 
which is multiplied by / / can be antisymmetrized in e «-> 7. However, due 
to ( |Hf ) / / is symmetric in these indices. Hence, J2.4 vanishes too. 

This concludes the computation of the 2-loop terms in the case k = a = 0. 
Combinning (H), (H), (||), (gOj), and (||), one finally obtains: 



^ = ^wkb{1-^ j Ro/3 + 0(/5 2 )} 



(47) 



4 2-Loop Calculations for the Case: k = 1 

First, the following special case will be considered: 

AT := (x,ij),Tf = 0\x,ifj,r) = 0} . (48) 
The dynamical equations, [p], eq. 28], are solved by eq.'s 128]: 



x (t) 


= x 




= ipo 


Vo{t) 


= 


* 


= . 



1 

7B 



(49) 



Following [0, Sec. 7], one chooses a normal coordinate system centered at x . 
The Feynman propagator is given by: 



(G ij ') 



( cK oo o \ 

G" 5 " 5 ' 

G ac * 

V o o G a * c ' o y 



(50) 



where G^' and G 7<s ' are given by (|I7|) and (|19"1), respectively. Moreover, one 
has 0, eq.'s 135 and 136]: 



G ac * 



j i(JT* + |l nxw )(t-t') 
2 e 



[9(t - t') - 6{t' - t)\ 
[9{t - t') - 6{t' - t)) 



(51) 
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Here, 

T = (> 6 ) := (IF %^) , 

and l nxn is the n x n unit matrix. 

The functional derivatives of the action which enter into the computation 
of / and J, (|15|), are listed below i: 



So.TTT'f" = 


S0,T7T^"\ K=a=Q 


(52) 


So,TTr'e" — 


So,Tir'e"\ K=a=0 


(53) 


So,ef'e" = 


= 5'o,e7'e"<5'" 


(54) 


So,Tn'Z"p"' = 


So,m^"p"'\ K=a= o 


(55) 


So,T7v'-y"e"' — 


So,T7T'Y'e"'\ K=a=0 


(56) 


Sq^ttt'c" — 


= S 0)T7r ' C " 


(57) 


Sq^tj'c" — 


= S 0.TJ'C*" 


(58) 


S^ra'c" = 


= S *' »» 

,TO* C 


(59) 


^0,ra'c*" = 


J^S{t~i!)S{t-f) 


(60) 


Sq^i'c" — 


= ^0,6 7 'C*" 


(61) 


S,ec'd" = 


= ^ec*'^" 


(62) 


So,ec>d*" = 


F^5{t-t')5{t-t") 


(63) 


^O.TTr'f'V" — 


= 'S'o.TTr'e'c*'" 


(64) 


So, T n'Y'c'" = 


= s , 0jT7r , 7 „ c *»' 


(65) 


S lT TT'c"d'" = 


,T7TC* a* 


(66) 


^0,TW'c"d*"' = 


i** [p(t - f )] *(t - - i"') + 


(67) 



-iA£ t n 6(t - [8(t - t»)8(t - if")] + T% 5(t - t')6(t - t")5{t - t>») 

So,rYe"c'" = = S 0iT7 , e ,, c *"' (68) 

S Q>rf ^ = F %, T 5(t-t')5(t-t")5(t-t'") (69) 
£<Wc" d *"' = F %5(t-t>)5(t-t")5(t-t">). (70) 



Here, " " 's are placed to indicate that the special case of ([IS]) is under 
consideration. 

3 The other terms are obtained from this list using the rules of changing the order of 
differentiation. 
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Equations d52|)-(|56|), indicate that the 2-loop contributions due to the 
terms which involve only the Greek indices are the same as the case of 
k = a = 0, i.e. these terms contribute a factor of — to the kernel. 

Consequently, it is sufficient to show that the remaining 2-loop terms vanish. 



Computation of the Terms of Type / 



In view of fl50|) and (|52| ) -(|70 D , the following terms must be considered: 

~ ~ /// 

T . Q /TT7T ric a 

h ■= \ Tn ' c "d*'" G G 
h : 

Performing the integration overs (^-functions, one has: 



h 



p ( a d 
dtUFL ^ 



G^ + 



(71) 
(72) 

(73) 



t=t> 



9 nc "d» 



+ 



t"=t 



_d_ 



G 



cd* 



t"'=t 



+ F% G T7T G 



cd* 



The first and the last terms in the integrand of ([73]) vanish because according 
to (0): 

Q cd* ._ Q cd* () _ 



t'=t 



Moreover, one has: 



d_ 

dt' 



G 



c'd* 



i5(0)5 



cd 



t'=t 



d_ 

dt' 



G 



cd* 



(74) 



(75) 



t'=t 



Thus, the remaining terms cancel and one obtains: 

h = 0. 

The computation of I2 is quite simple. Substituting (|i~9D, (|5T|) , (ff"0|) in ([f2]) 
and using (171), one finds: 



h 



dt (F^G^G cd *) = . 



(76) 



The other terms of type / which involve Latin indices are proportional to I\ 
or I 2 and hence vanish. 
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Computation of the Terms of Type J 

There are six different terms of type J which must be considered. These are: 

5 o Q r*TTr' /-»£"«'" r ic w d* v 

'H ■— J0,TTT'£"J0,K"'c™d* v Lr Lr 

J q q r<T~K' nt"-/" nc w d* v 

J2 ■ — *J0,T7r'e" tJ0,-y"'c 2 "d* v Lr Lx 

J q C /~iTir"' /~ia!b*" r~<c m d* v 

J 3 ■— 3 0Ta , bt » Doy c w d *v Lt Lt Lt 

J c q r<TK"' r<a'd* v ric^b*" 

J A ■— >JQ ;Ta b*' >J0,ir'"c w d* v U U 

ei" r a'b*" r c w d* v 



J 5 .— <~>o,ea'&*" l=> 0,Y"c'"d* v Lr Lx Lx 
~>0,ea'b*" So,Y"c*>d 



j rr c /-le^" 1 s~ia'd* v /~tc w b* 

Jf, ■— *Jn cn 'h*" t->0.^"'r^d* v Lx Lx 



The following relations are useful in the computation of J's. Using (|74|) , one 
has: 



G c ' d * = K c G cd * = (77) 



S M "G c ' d * = F %4G cd * = 0. (78) 



Equations ([77D and ( |fq) lead immidiately to: 

J Q = for : a = 1,2,3,5 . (79) 
It remains to calculate J4 and J6- In view of ( |6QD and (|63|) , one has: 

J 4 = F b ?F d ^ ( P dt dt'" G™"'G ad *"' G c "' b * (80) 



Jo 



J 6 = F^ e F %44j Q dtj Q dt"'G^"G ad *"'G c "' b * , (81) 

Using (34) and examining the integrands in (|80|) and flSH) , one finally arrives 
at: 

J Q = 0(f3 2 ) for : a = 4, 6 . (82) 

This concludes the 2- loop calculations for the special case of (fEJ). For 
this case the kernel is given by: 

K = K WKB (l - j- 4 R (3 + 0{f3 2 )) . (83) 



15 



In the rest of this section, it is shown that the same conclusion is reached 
even for the general case where r] ^ 7^ 77*, i.e. for 

K := (x, ip, V*\ x i "0) V) ■ 

In the general case, the dynamical equations |], eq. 28] are solved by 
0, eq.'s 123, 153, & 154]: 



x (t) = x + O((3) 

Vo(t) = 0(1) 
rtf(t) = 0(1). 



(84) 



It is easy to check that the terms in S^.-.'s which involve r/'s or r/*'s, and 
thus survive in the general case, are all of higher order in (3 than the terms 
considered above. Therefore, the contribution of these terms are of order (3 2 
or higher. For instance, 



So,- 



where, 



is given by ([52]), and 



Si 



0,T7T'p" 



O.ttt'p" 



o(p- 



J T7Tp 



J T7Tp 



\ ab 



a* b 



cd 



+ i« |T - <,J,^o CT « + ^ P «J S(t - t')5(t - t") + 
+^(Ao p , T - A 0T , p ),J(t - t')^ [5(t - t")} 

= o(r 3 ). 

To determine the order of the terms in (3, one proceeds as in Sec. 7], 
namely one makes the following change of time variable: 



P 



G [0, 1] • 



(85) 
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For example, one has: 
d 



^ (t _ t0 = / r^ (s - s <) 



o(/r 



The terms for which the above argument might not apply are those that 
vanish identically in the special case of (^) but survive otherwise. These 
are: 



■h 
h 
■h 
Jio 
Jn 



>->0,T7^'c">->0,£"'p»d* l, <-x Lr Lr 

q q r>Ti'" r™'p w ric"d* v 

^0,T7r'c"J0,e,'"p w d* v Lr U Lr 

q q (-iTtt'" /Ty'e 1 " s-ic"d* v 

>~>0,Tj'c">JO,TT'"e w d* v Lr U Or 

C C n <ii n &'" d w n c" d* v 

OO,eyc"JO,6"'0™d* v u " 

c c rieS'" ri-i'e™ r ic"a ,v 

^0,t^c"^0,8"'e m d* v U- Lr 



However, one can easily show that the contribution of these terms to the 
kernel is of the order f3 2 . The following relations are useful: 



So,ttt'c" 


= o(p~ 3 ) 


— S0,TTT>C*" 


*5o,T7'c" 


= o(/H) 




*S'o,e7'c" 


= o(p~ 2 ) 


= ^0,e-y'c*" 


G T7T ' 


= Otf) 




G^' 


= 0(1) = 


G cd *' . 



Furthermore, each integral: 



dt- 



P ds 
Jo 



contributes a factor of f3. Putting all this together, one finds out that 
J7, ■ ■ ■ 1 J\\ are all of order (3 2 . 

This concludes the 2-loop calculations for the general case of (0). The 
final result is: 



K — K- 



WKB 



l-jjR (J + O([3 2 



(86) 



Equation fl8"6j ) verifies the existence of the scalar curvature factor in the 
Hamiltonian and provides a consistency check for the supersymmetric proof 
of the Atiyah-Singer index theorem presented in 0. 

It must be emphasized that the 2-loop term in (|86|) does not contribute 
to the index formula eq. 147]. This is simply because the -^-integrations 
in [1], eq. 87] eliminate such a term. 
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5 Conclusion 



The scalar curvature factor in the Schrodinger equation yields a factor of 
— ^Rj3 in the heat kernel expansion of the path integral. The loop expansion 
provides an independent test of the validity of this assertion. In particular, 
this factor is obtained in the 2-loop order. Thus, it is shown that indeed the 
path integral used in the derivation of the index formula corresponds to the 
Hamiltonian defined by the twisted Dirac operator. 
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